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Abstract 

We investigate the new spinor field realizations of the W3 algebra, making use of the fact that the 
Ws algebra can be linearized by the addition of a spin-1 current. We then use these new realizations 
to build the nilpotent Becchi-Rouet-Stora-Tyutin (BRST) charges of the spinor non-critical VF3 
string. 
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As is well known, W algebra has remarkable applications in W gravity and W string 
theories since its discovery in the 1980s. '^'^1 Furthermore, it appears in the quantum Hall 
effect, black holes, in lattice models of statistical mechanics at criticality, and in other 
physical models. '"^l 

The Becchi-Rouet-Stora-Tyutin (BRST) formalism^ has proven to be rather fruitful 
in the study of the critical and non-critical W string theories. The BRST charge of W3 
(i.e. W2,3) string was first constructed in Ref . [5] , and its detailed studies can be found in 
Refs. [5-7]. A natural generalization of the Ws string, i.e. the W2,s strings, is a higher-spin 
string with local spin-2 and spin-s symmetries on the world-sheet. Many works have been 
carried out on the scalar field realizations of M^2,s strings. '^"^1 The BRST charges for such 
theories have been constructed for s = 4,5,6,7.'^] Later we discovered the reason that the 
scalar BRST charge is difficult to be generalized to a general Wn string. At the same 
time, we found the methods to construct the spinor field realization of W2,s strings and Wn 
strings. [■'^'^1 Subsequently, we studied the exact spinor field reahzations of W2,s{s — 3, 4, 5, 6) 
strings and Wn{N = 4, 5, 6) strings. I^^'-*^^! Recently, we have constructed the nilpotent BRST 
charges of spinor non-critical W2,s(s = 3,4) strings by taking into account the property of 
spinor field. '^^1 These results will be important for constructing super W strings, and they 
will provide the essential ingredients. 

However, all of these theories about the W2,s strings mentioned above are based on 
the non-linear 1^2,s algebras. Because of the intrinsic nonlinearity of the W2,s algebras, 
their study is a more difficult task compared to linear algebras. Fortunately, it has been 
shown that certain W algebras can be linearized by the inclusion of a spin-1 current. This 
provides a way of obtaining new realizations of the W^2,s algebras. Such new realizations 
were constructed for the purpose of building the corresponding scalar W2,s strings. '^^^ 

Since there has been no work focused on the research of spinor field realizations of the 
non-critical W3 string based on the linear VFi,2,3 algebra, in this Letter we construct new 
nilpotent BRST charges of spinor non-critical W3 string for the first time by using the linear 
bases of the VFi,2,3 algebra. To construct a non-critical BRST charge, one must first solve 
the forms of matter currents T and W determined by the OPEs of TT, TW and WW. Here 
T and W here are constructed on the linear bases Tq, Jq, Wq of the I4^i.2,3 algebra, and these 
linear bases are constructed with the spinor fields. Then direct substitution of these results 
into BRST charge leads to the grading spinor field reahzations. All these results will be 
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important for embedding the Virasoro string into the W3 string. 

We begin by reviewing the hnearization of the W3 algebra by the inclusion of a spin-1 
current. [^^1 We take the linearized Wi,2,3 algebra in the form 



To{z)To{u; 
To{z)Wo{u; 
To{z)Jo{uj 
Jo{z)Jq{u 



C/2 



[z — w] 



^ 2To{u) ^ dToju) 



iz - UJ] 



Z — OJ 



I ' 



{z-uf 



to 



{z — w)^ {z — o;)^ z — cu ^ 
-1 



(1) 



{z-uy' 

hWoiuj 



Z — Lt) 

The coefficients C, Ci and h are given by 



, Wq{z)Wq{uj) ~ 0. 
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(7 = 50 + 24^2 + —, C'i = -V6(i + -), h=^-t. 
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To obtain the new realizations for the linearized H^i,2,3 algebra, we use the multi-spinor 
fields ip^, which have spin 1/2 and satisfy the OPE 

1 



Z — UJ 



SI"', 



for the first time to construct the linear bases of them. The general forms of these linear 
bases can be taken as follows: 



To = -^orr, Jo = a^uvr (/^ < t^), = o, 

where pending coefficients. By making use of the OPE Jf)[z)Jo{uj) in Eq. (1), we 

can obtain the equation that the coefficients a^jy satisfy, i.e. "^^^^ctf^,, = 1- From the OPE 
relation of Tq and Jo, it is easy to obtain Ci = 0. Substituting the value of Ci into Eq. (2), 
we can obtain the value of t. Then the total central charge C for Tq can be obtained from 
Eq. (2). Thus we can determine the explicit form of Tq under the restricted condition of its 
central charge. Finally, using the OPE Tq{z)Jo{uj) in Eq. (1) again, we reach the exact form 
of Jq. The complete results are t = ±i, C = 2, Ci = and 

1 ^ ^ 

To = -- 5^ drr, Jo= Yl "m-^''^'' ^0 = 0, (3) 
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where the coefficients a^i, satisfy 

EU=iM' = 1- (4) 

As we know, for the energy-momentum tensor of a scalar 0, it has central charge C = 1 in 
two-dimensional conformal field theory, while C — 1/2 for a single fermion field. This means 
that one real scalar field is equivalent to two real or one complex fermion fields. In particular, 
they correspond to the forms —: e^'^ — ipi + iip2- Similarly, the power exponent can also 
be used as a means of bosonisation in our constructions. Then, our 4-fermion construction 
is equivalent to a two-scalar system. 

Now let us consider the spinor realizations of the non-linear 14^3 algebra with linear bases 
of the 1^1,2,3 algebra. We begin by reviewing the structures of the W3 algebra in conformal 
language. The OPE W{z)W{u}) for W3 algebra is given by'^l 



(Z-W)^ (Z-LV)'^ (Z-Uj)^ 

(5) 



where 



22 + 5C 10 



The bases of the W3 algebra can be constructed by the linear bases of the VFi,2,3 algebra: 

T^To, W^Wo + Wr{Jo,To), 

where the currents Tq, Jq and Wq generate the ^1,2,3 algebra and have been constructed 
with multi-spinor fields. First we can write the most general possible structure of W. Then 
the relations of the above OPEs of T and W determine the coefficients of the terms in W. 
Finally, substituting these coefficients together with Tq, Jq and Wq into the expressions of 
T and W, we can obtain the spinor reahzations of the Ws algebra. The exphcit results turn 
out to be very simple: 

T = To, W = Wo± l{-3zd^Jo + ii4 + GzTqJo). (6) 

D 
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Substituting the expressions of Tq, Jq and Wq in Eq. (3) into Eq. (6), we obtain the exphcit 
constructions of T and W for the W3 algebra as follows: 

4 

2 



(7) 

ix=l 
\/n<;/,A,p=l 



+ J] a^,(aVV'" + V^'^aV" + 2aV^'^aV^") , (8) 

p.<u=l / 

where ct^j, satisfies Eq. (4). 

The non-critical W3 string is the theory of W3 gravity coupled to a matter system on 
which the W3 algebra is realized. Subsequently, we give realizations of the spinor field . 

The BRST charges of the non-critical W3 string take the form: 

Qb^Qo + Qi, (9) 
Qo = jdz c{T^ + Tm + + yTp^ + T'^^) , (10) 

Ql ^ jdz^Fil/j^P^^^TM^WM): (11) 

where y is a. pending constant. The matter currents Tm and Wm, which have spin 2 and 3 
respectively, generate the W3 algebra and have been constructed for the cases s — 3 {T and 
W in Eqs. (7) and (8) are replaced by Tm and Wm, respectively). The energy-momentum 
tensors in Eq. (10) are given by^-'^^'-'^^l 

= —diP'ip, Tm = T, The = '2bdc + dbc, 

The operator F{i/j, /3, 7, Tm, Wm) has the spin of 3 and the ghost number of zero. The BRST 
charge generalizes the one for scalar non-critical 1^2,5 strings, and it is also graded with 

~ ~ {Qo,Qi} = 0. Since the first condition is satisfied for any s automatically, the 
remaining two conditions determine y and the coefficients of the terms in F{'ip, (3, 7, Tm, Wm)- 

Now, using the grading BRST method and the procedure mentioned above, we discuss 
the exact solutions of spinor field realizations of the non-critical W3 string. 

In this case, Qb takes the form of Eq. (9). The mater currents Tm and Wm are given 
by Eqs. (7) and (8), respectively. The most extensive combinations of F in Eq. (11) with 



correct spin and ghost number can be constructed as follows: 



(12) 



Substituting Eq. (12) into Eq. (11) and imposing the nilpotency conditions Q\ — {Qo, Qi} — 
0, we can determine y and fi{i — 1, 2, • • • ,10). They correspond to three sets of general 
solutions, i.e. 

(i) y = 0, /j = (i = 4, 6, 7, 8, 9, 10), and fj (j = 1, 2, 3, 5) are arbitrary constants but do 
not vanish at the same time. 

(ii) y — 1 and 



where fj {j = 3, 5, 7, 10) arc arbitrary constants but do not vanish at the same time, 
(iii) y is an arbitrary constant and 



where /s is an arbitrary non-zero constant. 

Substituting the construction (12) of F into Eq. (11) and using Tm and Wm given by 
Eqs. (7) and (8), we obtain the explicit spinor field reahzations of the non-critical Ws string. 

In summary, we have constructed the new spinor field realizations of the non-critical W3 
string, making use of the fact that the W3 algebra can be linearized by the addition of a 
spin-1 current. First, wc use the multi-spinor fields ■ip'^ to construct the linear bases of the 
linearized 1^1,2,3 algebra. Subsequently, the non-linear bases of algebra is constructed 
with these linear bases Tq, Jq and Wq. Finally, we use these new realizations to build the 
graded BRST charges of the spinor non-critical W3 string. The constructions are based 
on demanding the nilpotency of the BRST charges. The solutions are very standard, i.e., 
there are three solutions for the W3 string. It is worth noting that our four-fermion result 



/i 



Y^(-7/3 + 3/5), /2 = ^(7/3 - 3/5), 

^(22/3-78/5 + 10/7), 

-11/3 + 39/5 - 5/7, fs = 0, /9 = -^/7, 



fi = (^ = 4, 6, 7, 8, 9, 10), 
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has central charge C = 2, while for the critical W3 string the central charge should be 
C = 100. Since the (To, Jo) system is hnear, we can add more matter to obtain C = 100. 
For simplicity, considering the independence of central charge under non-critical case, we 
only give the discussion based on C = 2 in this study. We expect that there should exist 
such realizations for the case of higher spin s. Having obtained the exact BRST charges of 
VF3 string, we can investigate the implications for the corresponding string theories. 
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